Certain classical solutions which serve as generating functions of tree multi-particle amplitudes are constructed in the Kähler sigma model. The one-loop contribution to the multi-particle amplitudes is computed as the functional determinant in the background of such a classical field.Topologically nontrivial solutions, that is generating functions of the instanton mediated multi-particle amplitudes, are constructed as well. An example of this type is also given for the SU (2) Yang-Mills theory.
Introduction
The study of multi-particle processes in quantum field theory has a long history ( [1] - [10] ). The following problem is of the main interest. When the number of particles becomes as big as the inverse coupling constant the amplitudes seem to blow up independently of how small the coupling constant is. Even for the tunneling processes the exponential suppression might not prevent this blowing up [6] , [7] , [8] though it seems that no consensus on this point has been achieved yet in the literature. The reason is that the computations are fairly complicated. Indeed, already the summation of tree level contributions is not a completely trivial task, the complications increasing with the number of loops. A plenty of toy problems allowing one to make some progress were considered (e.g. [11] , [12] , see also reviews [13] ). One of these was a study of threshold amplitudes in the scalar field theory Ref. [14] . In Refs. [15] , [16] they were treated with use of the so-called recursion relations obtained from Feynman diagrams. The fact that the generating function for solutions of these relations obeys the classical equation of motion was explained in Ref. [17] . Such a generating function is in fact an example of a classical solution of a rather general type met in any field theory. Roughly, certain generating function for the tree level contributions to the matrix elements between asymptotic in-and out-states of the elementary quantum field, < ...|φ(x)|... > tree , obeys the classical field equation. This classical solution can be given an intrinsic definition which is formally independent of considering Feynman diagrams. Indeed, it can be uniquely defined as such a field configuration that is a formal power series in the free waves, a * ( k n )e i<kn,x> and a( k n )e −i<kn,x> of in-and out-going particles and obeys the classical equation of motion. A classical solution of this type we call a perturbiner 1 . As a matter of fact, what we just described is a perturbiner in restricted sense. More generally, one can consider perturbation theory in a nontrivial background. For instance, one may be interested in the scattering theory in an asymptotically flat space-time. In field theories possessing instanton solutions one can consider the perturbation theory in a background of an instanton. In such cases the definition of the perturbiner must be modified. In the present paper we discuss some examples of such modification.
The perturbiners can be also used as a background field for a loop expansion of multi-particle amplitudes in other words we think the perturbiner can be generally considered as a formal saddle point yielding a loop expansion (computation of loop corrections to the scalar threshold amplitudes in Refs. [18] can be given this interpretation). Let us note that the perturbiner is different from the saddle point solution of Ref. [30] .
The generating function for the tree amplitudes of Refs. [16] , [17] as we mentioned above give us an example of a perturbiner, though rather degenerate as it is space-independent and describes only the threshold amplitudes. Other examples of what we call perturbiners -in theories with a number of scalar field species but still describing amplitudes with only space-independent asymptotic states were discussed in Refs. [19] , [20] . More general (space-dependent) perturbiners in those theories are not constructed because one cannot generally integrate their equations of motion with nontrivial space dependence (see however Ref. [29] where in the Whitham approach using modular geometry tools, a perturbiner describing amplitudes with arbitrary slow space-dependent asymptotic states in φ 3 theory was obtained). Another case is the Yang-Mills theory where an essential progress has been recently made in studying tree-and one-loop amplitudes with an arbitrary number of gluons of same helicity [21] , [22] . Again, the main instrument was the recursion relations obtained from the Feynman diagrams [23] , [24] . In Ref. [25] and, independently, in Ref. [26] the generating function for those tree amplitudes was constructed as a (pseudo-)self-dual solution of the YangMills equations.
The point is that while in the scalar theory an integrable reduction of the equations of motion are the space-independent ones and hence one effectively constructs only space-independent perturbiners describing the threshold amplitudes, in the Yang-Mills theory an integrable reduction of the field equations are the self-duality equations and therefore one considers the self-dual perturbiners describing the amplitudes of gluons of same helicity.
In this paper we mainly discuss chiral perturbiners in 2D Kähler sigma models. Probably it is worth mentioning that the perturbative amplitudes we study in the sigma model -analogously to the multi-gluon amplitudes in the Yang-Mills theory -are not directly observable since in both theories the perturbative asymptotic states crucially differ from the physical ones. However they can be used as building blocks in description of the so-called jet production in high energy collisions (see, for example, Ref. [27] ).
In Section 2 we introduce perturbiners. In Section 3 we consider the chiral perturbiners in Kähler sigma models as well as their nonchiral deformations allowing us to include a few asymptotic states of different chirality into the amplitudes.
In Section 4 we compute one-loop corrections, basically, as a functional determinant in perturbiner background.
In Section 5 we discuss topologically nontrivial perturbiners. Being a sort of hybrid of instantons and ordinary perturbiners they describe instanton mediated multi-particle (possibly anomalous) amplitudes. This type of amplitudes was intensively discussed in connection with the so-called strong barion number violation [7] , [8] and in connection with testing the instanton effects in QCD in Ref. [31] . The topologically nontrivial perturbiners deserve further study from both mathematical and physical point of view. We will be brief hoping to return to this subject in future.
Section 6 contains some conclusions, problems and speculations.
Perturbiners
For the simplicity of notation, introducing the perturbiner we shall consider a single scalar field theory in the 4D space-time. Our starting point is the functional integral formulation of the normal symbol of S-matrix [30] :
where
and A int (φ) may contain any higher order terms. The symbols of annihilationcreation operators, a( k) and ab * ( k) enter the r.h.s. of Eq. (1) via φ 0 -a solution of the free equation of motion,
The variable of the functional integration in Eq. (1) φ must obey the Feynman boundary conditions, that is φ has no positive energy part at t → +∞ and no negative energy part at t → −∞. (This is equivalent to doing the integral over the fields decreasing at infinity in Eucleadian space, but we prefer to remain in Minkowski space, for our free field φ 0 has Minkowski on-shell momenta.)
Probably, it is worth to say that Eq. (1) can be considered as a compact form of LSZ reduction formulas.
The functional S(a, a * ) of Eq. (1) is to be considered as a formal power series in a( k), a * ( k) (infinite continuous set of arguments). This means that one is to expand the integrand in Eq. (1) in powers of φ 0 and integrate each term separately. Then the functional integration of arising expressions with m entries of b * ( k) and n entries of b( k)
where K m,n is homogeneous of degree m in a * and n in a, yields the scattering amplitudes with m out-going particles and n in-going particles of arbitrary on-shell momenta. Eq. (1) is just a condensed notation for the set of amplitudes in Eq. (5) . Performing the functional integration in Eq. (5) is the usual task of quantum field theory. One does it perturbatively or nonperturbatively (if one can). One way to do the perturbative expansion here is to expand the integrand in Eq. (5) in powers of interaction and perform the Gaussian integration. The role of the boundary conditions on this route is to define the propagator -an inversion of the differential operator defining A 0 . This process is conveniently described in terms of Feynman diagrams.
Alternatively, one might wish to consider the loop expansion. One might find also that the integrand has some nontrivial saddle points, other than φ = 0 (we have assumed that φ = 0 is always a solution to the EulerLagrange equations for the action functional A 0 (φ)+A int (φ)). This happens, for instance, in the theories possessing instanton solutions. Then, by the steepest descent method, one does the loop expansion around each saddle point and then sums over all the saddle points.
Why don't we do analogous expansions for the whole generating function of Eq. (1) and not just for each term of Eq. (5)? Indeed, one can readily write down an expansion in Eq. (1) thus getting an expansion of the whole functional in powers of coupling constants. As to the loop expansion, for Eq. (1) it is not so clear as in Eq. (5). The problem is that the integrand in Eq. (1), as it stands, does not seem to have any saddle points, trivial or nontrivial ones, or, at least, if there is one, it is as hidden as an East Pole or a West Pole, so we prefer not to think about it (cf., however, [30] ). What we think about is that it is better to modify the integral Eq. (1) in such a way that it will have an easy-to-find saddle point.
Let us first simplify our notation by considering only a finite number of in-and out-going particles and by treating them on an equal footing. For this aim we define φ 0 in Eq. (1) as follows:
where k l is a finite set of on-shell 4-momenta, l labels it, and a l is understood
Actually all the quantities will be thought of as functions of those momenta. Later on we shall use also a further restriction on the momenta to avoid infinities corresponding to resonant amplitudes. In what follows we shall regard a l 's as nilpotent formal variables, i.e. a 2 l = 0, thus truncating infinite series to simple polynomial expressions with each a l entering at most once. One can see that no information is lost in this description. Now we would like to consider a certain shift of the variable, φ→φ + φ 1 , in the integrand of Eq. (1). Normally, if φ + φ 1 belongs to the same space of fields as the variable φ itself, in particular φ + φ 1 obeys the same boundary condition as φ, the integral does not change provided the functional measure is translationary invariant. In other words, in this case we deal with a simple change of variables. The possibility of using a shift of the integration variable can be expressed as an assertion about the vanishing of the following expectation value
known as the Dyson-Schwinger equation 2 . In Eq. (7) A := A 0 (φ) + A int (φ + φ 0 ). Indeed, under a shift φ→φ + δφ 1 the functional integral changes by < δA > φ 0 . Thus, if δA = δφ 1 δA δφ (x) , that is if one can perform integration by parts when computing the variation of the action functional (this is where the boundary conditions on φ 1 are important), one gets
> φ 0 and the integral doesn't change due to Eq. (7). Now, taking the Dyson-Schwinger equation as a starting point we are going to make a shift of the integration variable by such φ 1 which does not obey the boundary conditions but still allows integration by parts (the latter being understood formally, see below).
For future use let us consider the following (in general, complex) field configuration, φ ptb , the perturbiner, which is a polynomial in the harmonics a l e −i<k l ,x> entering Eq. (6), whose first order term is precisely φ 0 as in Eq. (6) and which obeys, as a function of x, the classical field equation,
By considering this equation order by order in powers of a l 's one sees that that such a solution exists and is unique if the momenta satisfy certain restriction. Namely, let us say that {k l } is a non-resonant set of momenta if the sum of momenta over any subset of {k l } is not a mass-shell momentum. After we have defined the perturbiner for a non-resonant set of momenta we can consider it for arbitrary momenta as a polynomial in harmonics a l e −i<k l ,x> with coefficients being meromorphic functions of k l 's. Notice that n-th order terms of the expansion of φ ptb in powers of harmonics can be viewed as (n−1)-th order terms of an expansion of φ ptb in powers of a coupling constant, λ,
and φ
Consider now the field φ 1 = φ ptb − φ 0 containing only the terms of degree more than one w.r.t. a l 's. We will use this φ 1 in the shift of the integration variable φ→φ+φ 1 . In this case one has to be careful since the shift by such φ 1 violates the boundary conditions. Moreover, the action functional obtained upon this shift,
diverges for certain resonant momenta k l 's in φ ptb , φ 0 . These divergences arise from the integration over space-time of the terms, containing products of harmonics a l e −i<k l x> when the sum of the momenta vanishes. This is the price for violating the boundary conditions. Hence we will regard the shifted action functional in Eq. (11) as a functional taking values not in numbers but in in the space of distributions on the space of k l 's 3 . With this understanding in mind, one can claim that the shift of the field φ in Eq. (1) by φ 1 = φ ptb −φ 0 is allowed in the sense that one can formally integrate by parts reducing this assertion to the Dyson-Schwinger equations, as discussed above.
Upon this shift of the variable Eq. (1) modifies to
It has a saddle point, φ = 0, corresponding to the loop expansion of perturbative amplitudes.
In the tree approximation the φ = 0 saddle point gives
Notice that in this way one obtains the restriction of S-matrix to a subset of the asymptotic states corresponding to the harmonics left in Eq. (6) . Another central idea of the perturbiners ideology is to restrict the set of a's in such a way that upon corresponding restriction the equations of motion become integrable. In a scalar theory one restricts to space coordinates independent states, in the Yang-Mills theory one restricts to same helicity gluon states which equivalent to considering only (anti-)self-duality equations, in the sigma model one restricts to right (left) sector.
Technically, it is convenient to take variation of the Eq. (13) with respect to one of the a's, say a p , and putting after a p = 0 ( the corresponding harmonic need not enter the perturbiner then, p need not obey the nonresonantness condition, in fact, it even need not be on mass shell)
In this equation D −1 is the inverse propagator, D −1 = (−∂ 2 + m 2 ) and the exponential term disappears due to the non-resonantness condition. Eq. (14) shows which way the perturbiner generates the tree amplitudes.
Sometimes it is convenient to have two punctured particles. Taking variation of Eq. (14) with respect to one more a one comes to the formula
where ψ p (a, a * ) = δφ δap (a, a * )| ap=0 obeys a linear equation -the variation of the classical equation of motion in background of perturbiner:
A precise definition of ψ p (a, a * ) follows from that of φ ptb : ψ is a polynomial in harmonics entering φ ptb , is of first degree in harmonic e −i<p,x> , is a polynomial in the coupling constants
and ψ p (0) = e −i<p,x>
Perturbiners in the Kähler sigma model
The Lagrangian of the model we deal with reads
a , φb are holomorphic and antiholomorphic coordinates on the target space, g ab is a Kähler metric on the target space.
To conveniently write the equations of motion we introduce the following notations: a world sheet one-form
the covariant derivative ∇
where Γ a bc are Christoffel's symbols. Now the equations of motion can be conveniently written as
The first one follows from the definition of F a and from symmetry of Christoffel's symbols on the Kähler manifold while the second one is the EulerLagrange equation for the Lagrangian Eq. (18) .
When ∂ − φ a = 0 (resp. ∂ + φ a = 0) the two equations are identical since F a =F a (resp.F a = −F a ). Thus any φ a (x − ) (resp. φ a (x + )) solves the equations of motion. The same is true about the antiholomorphic φā. Hence one easily constructs the perturbiners describing the amplitudes for holomorphic right-movers and antiholomorphic left-movers or holomorphic right-movers and antiholomorphic right-movers or holomorphic left-movers and antiholomorphic right-movers and so on (there are four possibilities). The first, for example, reads
Again, there is no need to care about reality of the field as only a subset of the possible asymptotic states is considered. It is peculiar to the sigma model and to the use of complex coordinates on the target-space that there are no higher-order terms. From the formula of the type of Eq. (14) and from Eq. (23) it immediately follows that at the tree level in the model considered there are no transitions from any off-shell particle to any number of holomorphic particles of identical chirality plus any number of antiholomorphic particles of identical chirality.
Consider now right deformation of the left perturbiner, ψ p a b = δφ a δap b . To obtain an equation for it notice first that a couple of Eqs. (22) is equivalent to a couple
but again when F is rewritten in terms of φ one Eqs. (24) is a consequence of the other. Therefore it is sufficient to consider variation of only one of them. In the background of Eq. (23) variation of the second of Eqs. (24) gives
The general solution of Eq. (25) reads
and the analog of the condition Eq. (10) defines
The analog of Eq. (15) reads
Substituting Eqs. (26, 27) into Eq. (28) gives for 2→n amplitudes
The last line is written in the CM-system, E is the CM-energy.
In the Yang-Mills case, to get the integrable reduction of the equations of motion one considers only amplitudes of gluons of identical helicity which corresponds to considering the (pseudo) self-dual solutions, therefore in that case one can construct self-dual perturbiners. As we know from [32] , in [25] it was shown that the recursion relations for the like-helicity multi-gluon amplitudes [23] , [24] follow from the self-duality equation. In [26] an example of such a solution was given in SU(2)-case. In [28] a solution of this type was constructed for SU(N)-case without discussion of its relevance to the helicity-like amplitudes.
One-loop corrections
One-loop corrections to the normal symbol of S-matrix modify the Eq. (13) as
where the operator ∇ − ∂ + comes from the second variation of the action in the background of the chiral perturbiner. It is immediately seen that in the case of perturbiner of the type of
the one-loop correction is zero. Indeed, the heat kernel
is easily found to be
Then G a b (x, x|τ ) is obviously field-independent giving rise to the triviality of one-loop corrections to the amplitudes among holomorphic particles of identical chirality.
Unfortunately, we cannot compute the determinant for the general rightleft perturbiner of Eq. (23) but we can perturb the holomorphic background adding the antiholomorphic particles one by one. Computing corresponding corrections to the determinant we use the Pauli-Villars ultraviolet regularization (instead of the zeta-regularization above) and add a small mass µ to the operator ∇ − ∂ + for the infrared regularization. So, we deal with the expression
Adding one antiholomorphic particle upon expansion one gets
which is seen to be zero (see Appendix 1). Adding one more antiholomorphic particle one gets the one-loop corrected generating function for the amplitudes of any number of holomorphic particles of identical chirality and two holomorphic particles of identical chirality (remind that all these amplitudes are zero at tree level).
(notations are explained in Appendix 1).
Topologically nontrivial perturbiners
At some conditions on the target-space there are instanton solutions in the model considered [33] . In this case it is interesting to study the instanton mediated amplitudes [7] . The usual way is to compute the instanton contributions into correlation functions in Eucleadian formulation of the theory then perform the analytical continuation to Minkowski space and finally apply the LSZ-reduction formulas. The ideology of perturbiners suggests another way -to look for an appropriate classical solution generalizing the notion of perturbiner to the instanton sector. Again we shall assume that the solution is a truncated power series in the coupling constant but in this case but in this case it starts with λ −1 term,
where φ (−)1 is the analytically continued instanton solution. (It is assumed to decrease at sufficiently large t-deep inside the light-cone -even in the Minkowski space. One can see that is not a severe assumption.) Then φ 
The Feynman boundary condition dictates now that at large |t| as before
This condition defines φ (0) modulo solutions of Eq. (38) decreasing at large |t|. Finiteness of the action 5 selects just the zero modes of the instanton φ (−1) (again analytically continued to Minkowski space). Thus φ (0) is defined uniquely up to a redefinition of the instanton moduli parameters. Now the nilpotency of a's allows us to add the harmonics one by one solving at every step a uniform equation of the type of Eq. (38) but in the background of the perturbiner where a subset of the harmonics is already included:
.., a n ))]δφ(a 1 , ..., a n , a n+1 ) = 0 (40)
φ(a i = 0) = φ (−1) and δφ must be a polynomial in the harmonics corresponding to the symbols a i , the first order term being a n+1 e −i<k n+1 ,x> . It seems that one may assert the existence of such a solution at any choice of the asymptotic states a i .
There is an interesting reformulation of the problem. Recall that we consider φ ptb as a polynomial in nilpotent variables a l e −i<k l ,x> with coefficients depending on x (the dependence on k's is assumed). Since the space of such polynomials is a finite-dimensional vector space, φ ptb is conveniently thought of as a vector-valued function of x. Then the field equations can be considered as a matrix differential equations. After continuing back to the Eucleadian space it becomes an elliptic equation on a compact manifold.
But again, to be able to construct this perturbiner analytically one has to reduce to a subset of the allowed asymptotic states. In the Kähler sigma model the instanton solution after analytical continuation to the Minkowski space becomes of the left-right type (that is ∂ + φ (−1) a = 0, ∂ − φ (−1)ā = 0). Taking the harmonics of the same left-right type one easily obtains the following topologically nontrivial perturbiner in the model considered:
where ρ stands for the moduli parameters of the instanton. Again the absence of the higher orders in harmonics is peculiar to the model and to the choice of coordinates. Applying the topologically nontrivial perturbiner of Eq. (23) to computation amplitudes one sees that it predicts that there are no nontrivial instanton-mediated amplitudes in the sector of left holomorphic particles and right antiholomorphic particles. Notice that antiinstanton-mediated amplitudes are nontrivial in this sector, so in the instanton gas approximation the nullifications above do not take place any longer.
As it was mentioned in Section 3, for the Yang-Mills case, the appropriate reduction is to consider only harmonics of identical helicity which is equivalent to considering only self-dual or anti-self-dual solutions. In Appendix 2 we present an example of the topologically nontrivial perturbiner in SU(2) Yang-Mills theory.
Conclusion
We considered here perturbiners -solutions of classical equations of motion which are generating functions for the multi-particle amplitudes. From physics point of view the perturbiners deserve a study because they provide a unifying framework for perturbative considerations both in topologically trivial and topologically nontrivial sectors of quantum field theory. In this approach, instead of considering Feynman diagrams, one deals with field equations which, furthermore, can be reduced to such a subspace of the configuration space where they become integrable or where, at least, there are powerful mathematical tools. Even in the simple scalar field theory case this type of reformulation of the perturbation theory allows one to make an essential progress in the study of some asymptotics of the multi-loop corrections to the multi-particle amplitudes [34] , [35] . One might expect much more from the study of the self-dual perturbiners in Yang-Mills theory (the self-dual and anti-self-dual sectors in Yang-Mills theory are analogous to the left and right sectors in 2D sigma model). Note that in systematic multi-loop calculations some other techniques, say, the one suggested in [36] might be more useful while the perturbiners might become efficient in constructing effective theories, in obtaining asymptotics and so on. Besides that, the perturbiners might be very useful in supersymmetric theories, where the higher loops might be irrelevant. Once the perturbiner is constructed upon reduction to an integrable sector of the theory (that is upon reduction to threshold particles in the scalar theory, to same-chirality particles in the sigma model or to same-helicity gluons in the Yang-Mills theory), a principal physical problem is to find a way of an efficient description of the amplitudes which do not belong to this sector. Of course, as explained above, one can do it perturbatively but that is not of much interest. What is of much interest and what is likely possible to do is to construct an effective perturbiner describing soft particles of the opposite sector of the theory. This problem was addressed to for φ 3 theory in Ref. [29] . From the mathematical point of view the perturbiners provide a new class of physically motivated problems. One of them is to classify self-dual solutions of the Yang-Mills equation which depend on a set of momenta in the above described way and whose action is "finite" in the sense that it is a distribution of those momenta. An example of such a solution is described in Appendix 2.
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Appendix 1
As shown in the section 4 the one-loop correction is trivial when φā = 0 and ∂ + φ a = 0. Consider, therefore, the perturbiner Eq. The metric entering the propagators in this expression is x + -independent. Due to this one easily obtains 
